Cube tiling and covering a complete graph  by Corrádi, K. & Szabó, S.
Discrete Mathematics 85 (1990) 319-321 
North-Holland 
319 
NOTE 
CUBE TILING AND COVERING A COMPLETE GRAPH 
K. CORRADI 
Department of Computer Science, Eiitviis University Budapest, H-1088 Budapest, Muzeum krt. 
68, Hungary 
S. SZABd 
Department of Mathematics, Faculty of Civil Engineering, Technical University Budapest, 
H-l 111 Budapest, Stoczek ~2, Hungary 
Received 11 March 1988 
Revised 27 October 1988 
A collection of translates of an n-dimensional cube forms a tiling if the n-space 
is covered by its elements and no two cubes have a common interior point. If two 
n-dimensional cubes share a whole common (n - 1)-dimensional face then they 
will be called a twin pair. 
In 1930 Keller [2] conjectured that in any n-dimensional cube tiling there is a 
twin pair. In 1940 Perron [5] proved this conjecture for n c 6, but it is still 
unsettled for 12 2 7. In 1982 Lawrence [3], using geometrical argumentation, gave 
the following graph theoretical form for Keller’s conjecture. Let Gi, . . . , G,, and 
K be bipartite graphs and the complete graph of the same vertex set V of 2” 
vertices respectively. If G, U - * - U G, = K then there exists an edge e of Gi such 
that e U Gi contains an odd cycle for each j, 1 <j < n and j # i. 
In this note we derive a slightly different graph test for Keller’s conjecture from 
its group theoretical version. 
Theorem. Let G1, . . . , G,, be bipartite graphs of the same vertex set V such that 
each of them is a disjoint union of at most two regular complete bipartite graphs. Zf 
G1 U . . . U G,, is the complete graph of vertex set V then there exists an edge e of Gi 
such that e U Gi contains a triangle for each j, 1 =z j < n, j # i. 
Proof. In the remaining part we sketch the proof. Let H be an additive abelian 
group of order 4” with basis elements hl, . . . , h, of order 4 and let L be a subset 
of 2” elements of H. According to [8] Keller’s conjecture is equivalent to the 
following implication. If 
H = L + (0, h,} + - - - + (0, h,} 
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then 
(L - L) II {2hl, . . . ) 2h,} # 0, 
where 
L-L={l-1’: l,l’EL}. 
To derive the new graph test let 
M = (0, hi} +. . . + (0, h”}. 
fhEHand 
h=xIhI+...+x,h,, Osxl ,..., x,s3 
(2) 
then we refer to xi as the ith basis coefficient of h. 
Clearly, IA41 = 2” therefore IHI = IL1 IMI; and consequently each h E H is 
uniquely expressible in the form 
h=l+m, lcL,meM. 
Here (Al is the number of elements of A. For fixed i, 16 i 6 IZ the elements of L 
can be divided into four disjoint classes Lie, LiI, Liz, Li3. If the ith basis 
coefficient of 1 E L is k then let 1 belong to the class Lik. We will use the fact that 
ILiOl = ILiZ lLill = lLi31- (3) 
To prove it consider the character x of H defined by 
X(hi)=p and X(hj)= 1 forjfi, 
where p is a fourth primitive root of unity. Note that x is not the principal 
character of H hence 
and 
0= 2 X(h) = (~x(~))( c 
heH ICL 
x(m)) 
mslu 
Of C x(m) 
t?lEH 
implies that 
O= CX(O = ILKlIP + lLitlP1 + ILLTIP + ILi31P3 
IEL 
which proves (3). 
Note that (1) is equivalent to 
(L-L)fl(M-M)=(O). (4) 
The basis coefficients of m E M are 0 and 1 so M - M consists of all elements of H 
whose basis coefficients are 0, 1 and 3. 
Now we define graphs G1 , . . . , G,, on the vertex set L. Let 1,l’ E L and 1 # 1’. 
If the ith basis coefficient of I- 1’ is 2 then let (1,l’) be an edge of Gi. Gi is the 
union of the complete bipartite graphs of the vertex set pairs (Lie, Li2) and 
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(Lil, Li3) respectively. Further G1 U - * * U G, is the complete graph of the vertex 
set L since according to (4) for each I, 1’ E L and I # I’ one of the basis coefficients 
of I- 1’ must be 2. If G1, . . . , G, is given then we can construct the subsets Lie, 
Lil, Liz, Li3 and through them the ith basis coefficients of elements of L. Since M 
is known H has an expression in form (1). 
The graph theoretical formulation of (2) is now clear. Let I, I’ E L, I #I’ such 
that I- I’ = 2hi. For fixed j, j # i, 1 and 1’ are in the same Lik set, say 1, I’ E Li,. 
According to (3) Liz # 0 and so there exists I” E Lj, such that (I, f”) and (1”, I’) are 
edges of Gj. Finally, assume that there exists an edge (I, 1’) of Gj such that 
(I, I’) U Gj contains a triangle (I, f’), (I’, 1”), (1”, I) for each j, 1 ~j < n, j # 1. Now 
I and I’ belong to the same Ljk set and so the jth basis coefficient of I - I’ is zero. 
But since (I, r’) is an edge of Gi the ith basis coefficient of I - 1’ must be 2 and 
therefore I - 1’ = 2hi. 0 
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